Introduction
If q^.2 is a fixed integer it is well known that every positive integer k may be expressed uniquely in the form k= t 0,(^)4'where a r (<z,/c)e{0,1,...,q-1}
(1.1)
and the "sum of digits" function u(q, k) is given by a(q,k)=ta r (q,k), (1.2) r = 0 both the above sums being finite. It is not difficult to see that, although the behaviour of a(q,k) itself is somewhat erratic, its average behaviour is more regular and has been widely studied.
For an integer n> 1, let and define A(q, l) = 0. Behaviour in the special case n = q s suggests the asymptotic result )~^ ^nlogn as n->co, logq 121 a result obtained by Bush [2] in 1940. Later work by Bellman and Shapiro [1] , Mirsky [11] and Drazin and Griffiths [6] gave estimates for the remainder term ) n l o g n . logq
The case q = 2 in particular has yielded the most precise results. In this case (and also for q = 3) the results of Drazin and Griffiths are best possible and they have also been obtained by Mcllroy [10] and Shiokawa [12] . In 1975, Delange [5] obtained a very elegant analytical form for the remainder term, involving a periodic, continuous but nowhere differentiable function, thereby generalizing an earlier result concerned with the case q = 2 of Trollope [14] . In 1977, Stolarsky [13] considered the average of a more general sum of the type k=l when q = 2 and d ^ 0. (Stolarsky's paper also contains an excellent account of the history of related problems). More recently, Coquet [3] has obtained some very precise estimates for Aj^q, n) using probabilistic techniques.
In the mid 1960s, Trollope [15] also considered the related problem concerned with Cantor representations of integers, and Kirschenhofer and Tichy [8] have since generalised Delange's result, mentioned above, to this situation too. The appropriate remainder term now takes the slightly different form in the special case when the Cantor representation of an integer k becomes a <?-adic representation of the form (1.1) for some q. As usual, [log n/log q] denotes the greatest integer less than or equal to logn/logq. (A sum of this type has very recently been considered by Larcher and Tichy [9] in connection with the Gray code number system.) Thus, in the original digits problem, one can consider directly an estimate for S(q, n)/n. The best possible upper bound for all q^.2 is q-1; see [7] . For q = 2, 3, 4, 5 and 7 the best possible lower bounds are -2/3, -2/7, -9/23, -7/13 and -6/19 respectively. The proofs for q = 2 and 3 are contained in [7] . Each of these inequalities is deduced from a more precise result.
Clearly every positive integer n^0(mod<j) is of the form n = n m where 
It is easily verified that, if s e N, so that we may assume that n is of the form (1.3) for some integer m^O. In [7] it was proved that with equality when n m =(q -1)(1 +q + q 2 + • • • +q m ), together with a similar precise result for the lower bound when q-2 and 3 and subsequently (but not published) for q=4, 5 and 7. However the details are rather complicated, slightly more so when q is even, and the object of the present paper is to obtain an asymptotic result for all odd values of In the special case when 89 2 -9g + l=(2x) 2 for some positive integer x, it may be verified that either choice of P q =3q -2x or 3q -2x + 2 in (1.5) gives rise to the same value of h q in (1.6). This case can only arise when 9= 1 (mod 4), so that we can express q=l+4y where y(32_y + 7) = x 2 . Let d=hcf(x,y) with x = x^d and y=yid for positive coprime integers x, and y v Then y l (32dy l + 7) = dx\ giving d = y t y 2 for some integer y 2 . This leads to _y 2 I am very grateful to Mrs McCall for her help in giving me a feel for the general result. I should also like to thank the referee for his very careful corrections of many errors in the original draft.
In this section we prove three lemmas which will be needed in the proof of the theorem. a result which will be of use later. Similarly, using (..5).
Once again, if Sq 2 -9q+l is not a perfect square then 
provided that which is true.
It is convenient at this point to introduce some useful substitutions for a m _,,a m _ 2 ,. chosen to reflect the critical case when « = «". These take the form 
Proof of the theorem
We proceed by induction on the integer m^O. Initially since a 0^ 1 and a , > 0 V q^9 . Thus we now choose m^ 1 and assume that l.
(3.1)
The proof runs through several stages, ending up with the main inductive step once the critical form for n m begins to emerge. The only cases which we need consider are I(i) and I(ii). In the first case, t t = 1 and «! ^ 1 so that
We now make the usual substitution for a 0 namely .8) is positive and that on the left-hand side is negative, the inequality will then clearly follow for all integers a m^2 . But first we make the usual substitution 2a m _ 1 = q-fS q + 2d 1 and then, after some rearrangement, (3.8) becomes
+ 2* q {2(a m -l)q-l}+2* q (3q-p q +l).
Using (1.7) to eliminate a, from the last term on the right-hand side we obtain the following inequality: (2) . Then, using condition II together with the usual substitutions for a x and a 0 , we see from Lemma 2.3 that T(q,n 2 )>0 is equivalent to Following the customary procedure we express The expression on the right hand side of (3.18) is simply the F m (l-1) of Lemma 2.3, and accordingly we obtain the following simplification of (3.18), namely As P q -a, ^4 it will be sufficient to verify that that is
3.
(3.23)
As P q^3 q-yJ(8q 2 -9q+l) + 2, we have to verify that Uq-5^4y/(8q 2 -9q + l) or equivalently q(7q -34) ^ 9, which is obviously true for all q ^ 9. Thus we are left with the cases 8 l =0 or -1.
(ii) 4<P q -a q^5 . For integral values of (5,, the two least values of fc (5 x If/=m = 3 we have to consider the case when t 3 = t 2 = t l = l and a 3 = l together with 8 i = 0 or -1 when 3^/S,-a,^4 or ^ = 0 or 1 when 4 < 0 , -a ,^5 . By (2.6), T(q,n 3 ) = F 3 (3) and so, with the usual substitutions for a 2 , a t and a 0 , it follows from Lemma 2.3 that the condition T(q, n 3 ) > 0 is equivalent to once again easily seen to be true for all integers S u 8 2 and 8 3 .
Summing up, if 1=3 the only cases which remain to be considered occur when The left-hand side of (3.30) takes a minimum value when (<5 2 ,<5 3 ,<5 4 ) = (0,0, -1) and in this case the inequality becomes The left-hand side of (3.33) takes a minimum value when (^2,^3,^4)=(0,0,0) and in this case the inequality becomes November 1989. Since this paper was submitted for publication the analogous theorem for even values of q has been obtained. A statement of the result and brief outline of the proof will follow.
